Abstract. We develop a theory of group actions and coverings on Brauer graphs that parallels the theory of group actions and coverings of algebras. In particular, we show that any Brauer graph can be covered by a tower of coverings of Brauer graphs such that the topmost covering has multiplicity function identically one, no loops, and no multiple edges. Furthermore, we classify the coverings of Brauer graph algebras that are again Brauer graph algebras.
Introduction
In this paper we introduce the theory of group actions and coverings on Brauer graphs that parallels the theory of group actions and coverings of algebras. In particular, we show that any Brauer graph can be covered by a tower of coverings, the topmost of which is a Brauer graph with no exceptional vertices, no loops, and no multiple edges (Theorem 6.7). This allows many homological questions related to Brauer graph algebras to be simplified by considering Brauer graphs with no exceptional vertices, no loops and no multiple edges. Specifically, we know from covering theory that, for a finite group G, the category of G-graded modules over a Brauer graph algebra is equivalent to the module category of the covering algebra associated to the group G. In a subsequent paper ( [8] ), we use this fact and Theorem 6.7 to compute a minimal set of generators for the Ext algebra of any Brauer graph algebra. In this current paper we also classify the coverings of Brauer graph algebras that are again Brauer graph algebras (Theorem 6.1). One reason this result is of interest, is that it is difficult, in general, to determine if a covering comes from a Brauer graph simply from knowledge of the quiver and relations.
Since their introduction by Riedtmann in [17] , coverings of algebras have been extensively studied and they have rapidly proven to be of interest in the representation theory of algebras (see, for example, [3, 5, 6, 7, 20] and references within). In the case of self-injective algebras of finite or tame type -including Brauer graph algebras -this is also well demonstrated in the survey article [19] . The results in [6] and [7] , relating the coverings of algebras given by quivers with relations on one hand, and the group-gradings of algebras on the other hand, lead to an equivalence of categories; namely, given a G-grading of a quiver with relations, then the category of finite-dimensional modules of the covering of the algebra is equivalent to the category of finitedimensional G-graded modules.
Brauer graphs are a generalization of Brauer trees. A Brauer tree is a finite tree, with a cyclic ordering of the edges at each vertex and a multiplicity assigned to exactly one of its vertices, which is called the exceptional vertex. These trees were defined by Brauer in [4] in the study of block algebras of finite groups with cyclic defect groups. The entire structure of a block with cyclic defect groups can be read directly from its Brauer tree. For example, in [10] , Janusz gives a description of the non-projective, non-simple indecomposable modules of a block with cyclic defect groups in terms of paths in its Brauer tree, and in [9] , J.A. Green defined "walking around the Brauer tree", giving projective resolutions of certain modules of a block with cyclic defect groups.
It is well known (see for example [1] or [2] ) that Brauer graph algebras are tame special biserial self-injective algebras and that those of finite representation type are the Brauer tree algebras. Furthermore, the derived equivalence classes of Brauer graph algebras have been extensively studied, beginning with Brauer tree algebras (for example, [16] , and, for stable equivalence classes, see [15] ), generalized Brauer tree algebras (see [14] ) and finally Brauer graph algebras (see [11, 12, 13, 18] and [19] and the references within).
We briefly summarize the results of the paper. In Section 1, we begin by recalling the definitions of a Brauer graph and a Brauer graph algebra together with some essential notation. In Section 2, we define a free Brauer action of a finite abelian group on a Brauer graph and construct the Brauer orbit graph. A free Brauer action of a finite abelian group G on a Brauer graph Γ induces a free action of G on the quiver of the associated Brauer graph algebra and the section culminates with Theorem 2.12, which relates the Brauer graph algebras of Γ and its orbit graph Γ. Section 3 introduces a Brauer weighting on a Brauer graph which is analogous to a weight function on a quiver. Given a Brauer weighting W to a finite abelian group G on a Brauer graph ∆, we define the Brauer covering graph ∆ W and show there is a canonical action of G on ∆ W .
Theorem 3.9 proves that this action is a free Brauer action and that ∆ ∼ = ∆ W as Brauer graphs. We apply the results of Section 3 in Section 4 to Brauer graph algebras. If A ∆ (respectively, A ∆W , A ∆W ) is the Brauer graph algebra of ∆ (resp., ∆ W , ∆ W ), then Theorem 4.6 shows that there are
K-algebra isomorphisms
where A ∆W denotes the orbit algebra of A ∆W .
The main result of Section 5 is Theorem 5.3, which shows that if G is a finite abelian group with free Brauer action on Γ, then there is a Brauer weighting W on Γ such that the Brauer graphs Γ and Γ W are isomorphic, as are their corresponding Brauer graph algebras.
Applications of the theory presented are given in Section 6. The Appendix, Section 7, provides a brief survey of covering theory for path algebras and their quotients.
Notation
Let Γ be a finite connected graph with at least one edge. We denote by Γ 0 the set of vertices of Γ and by Γ 1 the set of edges of Γ. We equip Γ with a multiplicity function m : Γ 0 → N \ {0} and, for each vertex in Γ, we fix a cyclic ordering of the edges incident with this vertex. We call such a graph a Brauer graph. Thus a Brauer graph is a triple (Γ, o, m) where o denotes the cyclic ordering and m the multiplicity function. Note that in the Brauer tree case, the multiplicity function has value 1 at all but possibly one vertex, called the exceptional vertex. Although the convention in the literature is to denote a Brauer graph by Γ, where the choice of cyclic ordering and multiplicity function are suppressed, we usually write (Γ, o, m) . In all examples a planar embedding of Γ is given and we choose the cyclic ordering to be the clockwise ordering of the edges around each vertex.
We say that an edge j in Γ is the successor of the edge i at the vertex µ if both i and j are incident with µ and edge j directly follows edge i in the cyclic ordering around µ. For each µ ∈ Γ 0 , let val(µ) denote the valency of µ, that is, the number of edges incident with µ where we count each loop as two edges. If val(µ) = 1 with edge i incident with the vertex µ then we say that i is a successor of itself. If µ is a vertex with val(µ) = 1 and m(µ) = 1 so that i is the only edge incident with µ then we call i a truncated edge at the vertex µ.
Following [2] and [12] , we let K be a field and introduce the Brauer graph algebra of a Brauer graph Γ. We associate to Γ a quiver Q Γ and a set of relations ρ Γ in the path algebra KQ Γ , which we call the Brauer graph relations. Let I Γ be the ideal of KQ Γ which is generated by the set ρ Γ .
We define the Brauer graph algebra A Γ of Γ to be the quotient
We now define Q Γ for a general Brauer graph (excluding the above case, so if edge i is truncated at vertex µ and the endpoints of i are µ and ν then m(ν) val(ν) ≥ 2). The vertices of Q Γ correspond to the edges of Γ, that is, for every edge i ∈ Γ 1 there is a corresponding vertex v i in Q Γ . If edge j is the successor of edge i at the vertex µ and edge i is not a truncated edge at µ then there is an arrow from v i to v j in Q Γ . For each vertex µ and edge i incident with µ,
be the edges incident with µ listed in the cyclic ordering, where the loops are listed twice and the other edges precisely once. We call this the successor sequence of i at µ. We set i val(µ)+1 = i, noting that i is the successor of i val(µ) .
In case Γ has at least one loop, care must be taken. In such circumstances, for each vertex µ, we choose a distinguished edge, i µ , incident with µ. If ℓ is a loop at µ, ℓ occurs twice in the successor sequence of i µ . We distinguish the first and second occurrences of ℓ in this sequence and view the two occurrences as two edges in Γ 1 . Thus, Γ 1 is the set of all edges with the proviso that loops are listed twice and have different successors. In particular, if Γ is µ i then, since i is viewed as two edges, say i andî, the successor sequence of i at vertex µ is i,î and the successor sequence ofî at µ isî, i. These sequences imply that there are two arrows in the quiver Q Γ , and
In order to define the Brauer graph relations ρ Γ we need a quantizing function q. Let X Γ = {(i, µ) | i ∈ Γ 1 is incident with µ ∈ Γ 0 and i is not truncated at either of its endpoints} and let q : X Γ → K \ {0} be a set function. We denote q((i, µ)) by q i,µ . With this additional data we call (Γ, o, m, q) a quantized Brauer graph. We remark that if the Brauer graph Γ is µ ν then X Γ = ∅. Furthermore, if the Brauer graph algebra is assumed to be symmetric and if the field is algebraically closed, then we can set q = 1.
There are three types of relations for (Γ, o, m, q). Note that write our paths from left to right.
Relations of type one. For each vertex µ and edge i incident with µ, which is not truncated at the vertex µ, let i = i 1 , i 2 , . . . , i val(µ) be the successor sequence of i at µ. From this we obtain a cycle C i,µ = a 1 a 2 · · · a val(µ) in Q Γ where the arrow a r corresponds to the edge i r+1 being the successor of the edge i r at the vertex µ. With this notation, for each edge i ∈ Γ with endpoints µ and ν so that i is not truncated at either µ or ν, ρ Γ contains either
i,µ . We call this a type one relation. Note that since one of these relations is the negative of the other, the ideal I Γ does not depend on this choice.
Relations of type two. The second type of relations occurs if i is a truncated edge at the vertex µ and the endpoints of i are µ and ν. Let ( has quiver
Group actions on Brauer graphs and Brauer graph algebras
Suppose G is a finite abelian group which acts on a finite connected graph Σ. Let Σ = Σ/G be the orbit graph of Σ under G, and letμ = {µ g | g ∈ G} andī = {i g | g ∈ G} where µ ∈ Σ 0 and i ∈ Σ 1 . If the action of G on Σ is not faithful, then let N be the normal subgroup of G consisting of those elements that fix every vertex and every edge of Σ. Then G/N acts faithfully on Σ. Without loss of generality, we assume throughout this paper that our group actions are faithful.
Since a Brauer graph comes equipped with a cyclic ordering and multiplicity function we now define a Brauer action of a finite abelian group on a Brauer graph as follows. 
If there is a Brauer action of a finite abelian group G on a Brauer graph (Γ, o, m) then val(µ) = val(µ g ) for all g ∈ G and µ ∈ Γ 0 , since successors are preserved by the G-action. In particular, by
We now define a free Brauer action. 
Proof. Let µ ∈ Γ 0 and i ∈ Γ 1 be incident with µ. If val(µ) = 1 then clearly val(μ) = 1 and we are done. So assume that val(µ) > 1. Consider the successor sequence of i at µ,
Recall that i val(µ)+1 = i since i is the successor of i val(µ) . There is k minimal with 1 ≤ k ≤ val(µ) and Repeating this argument shows that the successor sequence of i at µ can be written as
for some s ≥ 0. Hence val(μ)(s + 1) = val(µ) and we are done. 
(2) Edge i ∈ Γ 1 is truncated at vertex µ if and only ifī ∈ Γ 1 is truncated at vertexμ.
Proof. (1) is immediate from the definition of m. For the proof of (2) 
where each vertex has multiplicity 1. Let G be the cyclic group
This is a free Brauer action of G on Γ and Γ is the Brauer graph
• whereμ has multiplicity 2 and the other vertices have multiplicity 1.
We now extend the concept of a Brauer action by defining a Brauer action on a quantized Brauer
Definition 2.7. A Brauer action of a finite abelian group
for all g ∈ G and µ i ν in Γ such that i is not truncated at either of its endpoints.
To understand the importance of the quotients above, we note that the relation of type one
without altering the ideal I Γ . These last two relations distinguish between the endpoints of the edge i. We formalize this as follows. Let Y = {i ∈ Γ 1 | i is not truncated at either of its endpoints}. Let E 1 : Y → Γ 0 be a set function such that E 1 (i) is an endpoint of i. Let E 2 : Y → Γ 0 be the set function with the property that E 1 (i) and E 2 (i) are the two endpoints of i. We note that i is a loop if and only if E 1 (i) = E 2 (i). From the above remarks, we see that, for each i ∈ Y, the relation of type one may be replaced by
.
Lemma 2.8. Suppose there is a free Brauer action of G on (Γ, o, m, q).
Then there is a choice of set functions E 1 and E 2 such that
Proof. It suffices to prove this for j = 1. Proposition 2.5(3) implies that Y is a disjoint union of orbits. For each orbit, choose some edge i in the orbit and arbitrarily select an endpoint; define
g . This yields a choice of E 1 that satisfies the desired property.
If there is a free Brauer action of G on a quantized Brauer graph (Γ, o, m, q), then we henceforth assume that the functions E 1 and
and j = 1, 2.
We are now in a position to define a quantizing function q for the Brauer orbit graph (Γ, o, m) and thus extend Proposition 2.4. Recall that
is incident withμ ∈ Γ 0 andī is not truncated at either of its endpoints}.
We denote q((ī,μ)) by qī ,μ and note that, by the above discussion, q is well defined. Summarizing, we have the following result.
Proposition 2.9. Suppose there is a free Brauer action of G on (Γ, o, m, q). Then there is a quantizing function q so that (Γ, o, m, q) is a quantized Brauer graph satisfying the property that if i ∈ Y with endpoints µ and ν, then
We call the quantized Brauer graph (Γ, o, m, q) in Proposition 2.9 the quantized Brauer orbit graph of (Γ, o, m, q) associated to the action of G. Now we turn our attention to the Brauer graph algebra associated to a Brauer graph on which there is a free Brauer action.
Lemma 2.10. Suppose there is a free Brauer action of G on the Brauer graph (Γ, o, m). Then there is an induced free group action of G on the quiver Q Γ . Moreover if (Γ, o, m, q) is a quantized
Brauer graph then the induced G-action satisfies
Proof. Let v i be a vertex in the quiver Q Γ so that v i corresponds to the edge i in Γ. We define the action of G on the vertices of
Let a be an arrow from v i to v j in the quiver Q Γ ; then i and j are two edges in Γ incident with the same vertex and such that j is the successor of i. By Definition 2.1(2), the edge j g is the successor of the edge i g for all g ∈ G. So, for g ∈ G, we define a g to be the arrow from v i g to v j g in Q Γ . It is now straightforward to show, for
To show that this is a free action on Q Γ , suppose that, for a vertex v i in Q Γ (which corresponds to an edge i in Γ) and g in G, we have (
Hence by Definition 2.2 we have g = id G . It follows that G acts freely on Q Γ . Now suppose that we have a type one relation
From Definition 2.7 and Lemma 2.8 we have that
which is in I Γ . It is easy to see that if x is a relation of type 2 or type 3 then x g is also a relation of type 2 or type 3 respectively, for all g ∈ G. This completes the proof.
Suppose there is a free Brauer action of G on (Γ, o, m).
The induced action of G on Q Γ given in Lemma 2.10, allows us to consider the orbit quiver Q Γ , which is defined in the Appendix.
Proposition 2.11. Suppose there is a free Brauer action of
Proof. We prove that ( 
The set (Q Γ ) 1 is the set of arrows of Q Γ , and so corresponds to the orbits under the action of G of a vertex µ ∈ Γ with two incident edges i and j where j is the successor of i. By Definition 2.1(2), the edges i g and j g are incident with the vertex µ g and j g is the successor of i g . Thus the orbit of this action on an arrow
It is now easy to see that there is a bijection between elements
Suppose there is a free Brauer action of G on the quantized Brauer graph (Γ, o, m, q). Then, from the Appendix and Lemma 2.10, we have that G acts freely on Q Γ and A Γ = KQ Γ /I Γ . 
Proof. From the discussion above and Proposition 2.11, it suffices to show that I Γ ∼ = I Γ . Given our choice of E 1 and E 2 as in Lemma 2.8 we see that E 1 and E 2 induce set functions E 1 and E 2 for Γ.
First we consider a relation x of type one in I Γ . For this, suppose i is an edge in Γ 1 which is not truncated at either of its endpoints and let
. . , j val(ν) ) be the successor sequence for i at vertex µ (respectively i at vertex ν) with associated cycle
, g, h ∈ G and s, t ≥ 0 such that the successor sequence for i at µ is
and the successor sequence for i at ν is
It now follows thatx ∈ I Γ is given bȳ
From Lemma 2.3 we have val(µ) = val(μ)(s + 1) and val(ν) = val(ν)(t + 1), and, from Proposi-
which is the relation of type one in KQ Γ corresponding toī under the isomorphism of Proposition 2.11.
The remaining relations of types two and three are monomial and a similar argument holds for these cases.
Weightings on Brauer graphs
Throughout this section (∆, o, m) will denote a Brauer graph and G will continue to be a finite abelian group. For each µ ∈ ∆ 0 , we define Z µ to be the set
, j is the successor of i at vertex µ}. Let Z ∆ be the disjoint union
For µ ∈ ∆ 0 we define the order of µ, denoted ord(µ), to be the order in G of the element . We define an equivalence relation on the set {(i, H µ,s ) | i ∈ ∆ 1 is incident with µ, 1 ≤ s ≤ |G|/ ord(µ)} to be the equivalence relation generated by
Let D µ be the set of equivalence classes under this equivalence relation; we denote the equivalence class of (i,
We recall that if an edge i is a loop at the vertex µ, then, by the remarks in Section 1, i is viewed as two edges, say i andî, having different successors. It can easily occur that (i, H µ,s ) is not equivalent to (î, H µ,s ), for all s.
Suppose i ∈ ∆ 1 is incident with vertex µ in ∆ and let i = i 1 , i 2 , . . . , i val(µ) be the successor sequence of i at vertex µ with our usual convention that 
. By the definition of the equivalence relation, µ = ν, so that j is incident with µ in ∆. Hence
A similar argument to that given above shows that (i, H µ,s ) is equivalent to (i r , H µ,t ) and 
In order to construct a multiplicity function m W for ∆ W , we need to place an additional condition on our successor weightings.
Definition 3.5.
(1) A successor weighting W : 
This explicitly describes the cyclic ordering o W .
Lemma 3.7.
There is a canonical group action of G on ∆ W given by
Proof. We prove first that the action of G on a vertex of ∆ W is well-defined. 
one correspondence with the vertices µ in ∆ 0 . Now, suppose that i is an edge in ∆ and g ∈ G. We show that the orbit of the edge i g in (∆ W ) 1 is the set {i h | h ∈ G}. Let j be an edge in ∆ and h ∈ G such that j h is in the orbit of i g . Then there is some g ′ ∈ G with j h = (i g ) Example 3.11. Let G be the cyclic group G = Z 3 = g | g 3 = id and let ∆ be the graph
• with weighting W given by
Following the above construction, ∆ W is
In the next section we investigate coverings of Brauer graph algebras associated to a Brauer covering graph.
Brauer graph algebras arising from weightings on Brauer graphs
Let (∆, o, m) be a Brauer graph, (∆, o, m, q) a quantization of (∆, o, m Recall that if i ∈ ∆ 1 is incident with µ ∈ ∆ 0 with successor sequence
where the arrow a r corresponds to the edge i r+1 being the successor of the edge i r and i val(µ)+1 = i 1 . The weight function W * : (Q ∆ ) 1 → G gives rise to a covering quiver Q W * with vertex set
Lemma 4.1. If
is an arrow in Q W * . Define the map π : Q W * → Q ∆ by π(v g ) = v and π(a g ) = a. We extend π to paths a 1 a 2 · · · a σ in KQ W * by setting 
This completes the proof. We are now in a position to prove the main result of this section. 
Theorem 4.6. Let (∆, o, m, q) be a quantized Brauer graph, G a finite abelian group and
Proof. The second isomorphism holds by Theorem 2.12. By Theorem 3.9, (∆, o, m) and (∆ W , o W , m W ) are isomorphic as Brauer graphs. We need to show that the induced isomorphism from KQ ∆W to KQ ∆ restricts to an isomorphism from I ∆W to I ∆ . First we consider relations of type one. Let i be an edge in ∆ such that i is not truncated at either of its endpoints µ and ν, and let g ∈ G with g ∈ H µ,s and g ∈ H ν,t . By Proposition 2.9 we have
and, by definition of the quantizing function q W , we have
Hence a relation of type one in I ∆W restricts to a relation of type one in I ∆ . We leave it to the reader to verify the corresponding statement for relations of types two and three. Γ, o, m, q) . In particular, the Brauer graph algebras A Γ and A (Γ)W are isomorphic algebras.
We begin with the construction of W : Z Γ → G. If i (respectively µ) is an edge (resp. a vertex) in Γ then, as before, we denote the orbit of i (resp. µ) under the action of G byī (resp.μ) and viewī (resp.μ) as both an edge (resp. a vertex) in Γ and as an orbit set in Γ. For each edgeī in Γ, we fix an edge i * ∈ Γ in the orbitī. Next, suppose thatμ andν are the endpoints ofī in Γ.
Choose µ * (respectively ν * ) in the orbit ofμ (resp.ν) so that i * is incident with µ * and ν * . Note that there is a unique choice for µ * and ν * unlessī is a loop and i * is not a loop. Now letj be the successor ofī at vertexμ in Γ. Then there is an unique edge l ∈j such that l is the successor of i * at vertex µ * in Γ. Hence l = (j * ) g , for some g ∈ G. We define W (ī,j) = g. We note that W is dependent on the choices of i * and µ * . We call W the successor weighting associated to the action of G on (Γ, o, m).
Lemma 5.1. Let W : Z Γ → G be the successor weighting associated to the free Brauer action of G on (Γ, o, m). Suppose that i is an edge of Γ incident with the vertex µ and that
The order of ωμ = ord(μ) = s + 1. 
Since the action of G is free on the edges of Γ, and since the smallest positive integer l such that
µ , we conclude that the order of ωμ is s + 1. Similarly, since ((
ωμ , we see that g = ωμ and we have shown (1) and (2) That the index of Hμ equals the number of vertices in the orbit of µ follows from (4) , and the proof is complete.
As an immediate consequence of 5.1(3), we have the following result.
(ī g ,μ d ) ∈ X ΓW , for all g ∈ G and d ∈ Dμ. Recall from Section 2 that Y = {i ∈ Γ 1 | i is not truncated at either of its endpoints}, and by Lemma 2.8, we can choose a set function
be incident with vertex µ ∈ Γ 0 , g ∈ G, and d ∈ Dμ. From Section 4, q W (ī g ,μ d ) = q(ī,μ) and from
. It is now immediate that there is a correspondence between relations of type one in KQ Γ and relations of type one in KQ Γ W . The reader may check the correspondences for relations of types two and three. Thus, the associated Brauer graph algebras A Γ and A ΓW are isomorphic.
Applications
In this section we provide a number of applications of the theory. These applications lead to two of the theorems announced in the Introduction, namely the classification of the coverings of Brauer graph algebras that are again Brauer graph algebras (Theorem 6.1), and the fact that any Brauer graph can be covered by a tower of coverings, the topmost of which is a Brauer graph with no loops, no multiple edges and whose multiplicity function is identically one, that is, there are no exceptional vertices (Theorem 6.7). Let G be a finite abelian group and W * : (Q ∆ ) 1 → G a weight function such that I ∆ is generated by weight homogeneous elements. Let i be an edge in ∆ which is not truncated at either of its endpoints, µ and ν. Let C i,µ and C i,ν be the corresponding cycles associated to the edge i. Then
is a relation of type one in I ∆ . We note, by the nature of the generating
is not id G , then, in the covering algebra, the liftings of x to KQ W * induce relations which are differences of paths that are not cycles. These differences are minimal relations for I W * . It follows that the covering algebra associated to W * has minimal generating relations that are not of types one, two, or three, and hence the covering algebra associated to W * is not a Brauer graph algebra. On the other hand, if ω m(µ) µ = id G , we define the successor weighting W : Z ∆ → G as follows. Furthermore, if S is a simple A ∆ -module then S is gradable. IfS is a graded simple A ∆ -module which forgets to S, then a minimal graded projective A ∆ -resolution ofS forgets to a minimal projective A ∆ -resolution of S. By the above theorem, the minimal graded projective A ∆ -resolutions are precisely the minimal projective A ∆W -resolutions. Consequently, some cohomological questions related to A ∆ -modules can be translated to cohomological questions concerning A ∆W -modules, for example, see [7, Theorem 3 .2].
6.3. In this section, we consider a "tower" of coverings. More precisely, suppose that (∆, o, m, q) is a quantized Brauer graph and A ∆ is the associated Brauer graph algebra. Let W 1 : Z ∆ → G 1 be a Brauer weighting for some finite abelian group G 1 and set (∆ 1 , o 1 , m 1 , q 1 ) to be the associated quantized Brauer covering graph associated to W 1 . Let n be some positive integer. We say that Moreover, if
is a minimal projective A ∆n -resolution of T then, applying the exact functor G to P, gives a minimal projective A ∆0 -resolution of S.
As an immediate consequence of Theorem 6.3, we have that if We now define a Brauer weighting W : Z ∆ → G as follows. Suppose that (i, j) ∈ Z µ . If i is not a loop, then set W ((i, j) ) = id G . If i is the loop ℓ k and the edge i is the first occurrence of i in the successor sequence of i µ , then set W ((i, j)) = z k . If i is the second occurrence of i in the successor sequence of i µ , then set W ((i, j) Note that we could have taken G to be any finite product of n non-trivial abelian groups in the above construction and each z k to be an n-tuple with non-identity element in the k-th component and identity elements in all other components.
Summarizing, we have the following result. 
Note that a vertex in ∆ can occur in more than one α-marked pair. Let G be the product We now define a successor weighting W : Z ∆ → G as follows. Suppose that (i, j) ∈ Z µ . If the endpoints of i are the α-marked pair {µ k , ν k }, and µ is the distinguished vertex of this pair, then set 
Note that m 2 is also identically 1, for if µ d is a vertex in ∆ 2 with µ ∈ ∆ 1 , then we have ord(µ) = 1 so that m 2 (µ d ) = m 1 (µ) = 1.
Finally, by Proposition 6.6, there is a finite abelian group G 3 and a Brauer weighting W 3 : Z ∆2 → G 3 such that the associated quantized Brauer covering graph
) has the property that (∆ 2 ) W3 contains no multiple edges. Set
We then note that ∆ 3 has no loops since ∆ 2 has no loops, and that m 3 is identically 1 for reasons similar to m 2 being identically 1. This completes the proof.
Appendix
In this appendix we review covering theory for path algebras and their quotients. For further information and proofs see [6, 7, 3, 5] . We allow G to be any finite group whereas we assumed that G is always a finite abelian group in the previous sections.
Let K be a field and Q a finite quiver. Let G be a finite, not necessarily abelian, group. We begin by showing that if G acts freely on Q, then there is an orbit quiver Q associated to this action. Let G act freely on Q. If x is either a vertex or an arrow in Q, then we denote the action of g ∈ G on x by x g , and denote the orbit of x under the G-action byx. We now construct Q.
The vertices of Q are the orbits of vertices of Q and the arrows of Q are the orbits of arrows of Q, that is, if a : v → w is an arrow in Q 1 , thenā :v →w is an arrow in Q 1 .
Consider the path algebras KQ and KQ. The action of G on Q extends to an action of G on the paths of Q and hence to the path algebra KQ. Let I be an ideal in KQ and set Λ = KQ/I.
Assume that I satisfies r ∈ I if and only if r g ∈ I, for all g ∈ G. Let I denote the set of orbits of elements of I under the action of G. It is immediate that I is an ideal in KQ. Let Λ = KQ/I.
We call Λ the orbit algebra associated to the action of G on Ł.
We now show that Λ is G-graded. We start by constructing a set function W : Q 1 → G which we call the weight function on Q induced by the action of G. For each vertexv in Q 0 , choose a vertex v * in Q 0 such that v * ∈v. Letā :v →w be an arrow in Q 1 . Then, by the freeness of the action of G on Q, there is a unique g ∈ G and b ∈ā such that b : v idG * → w g * is an arrow in Q 1 . We define W (ā) = g and remark that W is dependent on the choices of the v * . We see that W extends linearly to KQ by setting W (v) = id G , forv ∈ Q 0 , and, if p =ā 1ā2 · · ·ā n is a path in Q withā i ∈ Q 1 , then W (p) = W (ā n ) · · · W (ā 2 )W (ā 1 ). Note that in Section 4, the product for W (p) is written in reverse order. However, the definitions coincide since G is assumed to be abelian in that section. This choice of W induces a G-grading on KQ by setting (KQ) g to be the K-span of paths p such that W (p) = g. This G-grading on KQ induces a G-grading on Λ = KQ/I if and only if I can be generated by weight homogeneous elements, that is, by elements each of which is in (KQ) g , for some g ∈ G. It remains to show that I can be generated by weight homogeneous elements.
For this, we recall that r ∈ KQ is said to be uniform if there are vertices v and w in Q 0 such that r = vrw. Since every non-zero element of KQ is uniquely a sum of uniform elements, the ideal I can be generated by uniform elements. Let r ∈ I and v, w ∈ Q 0 so that r = vrw. Then, since r g ∈ I, for all g ∈ G, there exists h ∈ G such that r h = (v * ) idG r h (w * ) k , for some k ∈ G.
Hence, if p is a path occurring in r, then W (p) = k. It follows thatr ∈ (KQ) k is a homogeneous element, and hence, I can be generated by weight homogeneous elements.
We summarize the above discussion in the following result. Finally, let Ł = KQ/I be a G-graded algebra and let P : KQ → Ł be the canonical surjection. Suppose that the G-grading of Ł is induced from a weight function. It follows that, if x is either a vertex or an arrow of Q, then P (x) is in some (KQ) g , for some g ∈ G; that is, P (x) is a homogeneous element of degree g. Our final proposition shows that the converse also holds. The proof is left to the reader. Proposition 7.5. Let Ł = KQ/I be a G-graded algebra and let P : KQ → Ł be the canonical surjection. Suppose, for all x ∈ Q 0 ∪ Q 1 , there exists g ∈ G such that P (x) is a homogeneous element of degree g. Then the G-grading of Ł is induced by a weight function on Q.
